We consider the minimal scalar singlet dark matter stabilised by a Z3 symmetry. Due to the cubic term in the scalar potential, semi-annihilations, besides annihilations, contribute to the dark matter relic density. Unlike in the Z2 case, the dark matter spin independent direct detection cross section is no more linked to the annihilation cross section. We study the extrema of the potential and show that a too large cubic term would break the Z3 symmetry spontaneously, implying a lower bound on the direct detection cross section, and allowing the whole parameter space to be tested by XENON1T. In a small region of the parameter space the model can avoid the instability of the standard model vacuum up to the unification scale. If the semi-annihilations are large, however, new physics will be needed at TeV scale because the model becomes non-perturbative. The singlet dark matter mass cannot be lower than 53.8 GeV due to the constraint from Higgs boson decay into dark matter.
Introduction
The most popular candidates for dark matter (DM) of the Universe are weakly interacting massive particles (WIMPs). WIMPs have been searched for in direct as well as in indirect detection experiments, without success so far. Therefore the properties of DM are not known yet.
One popular class of WIMPs is scalar singlet DM [1] (see also [2] ). Because of the recent discovery of the Higgs boson [3] , we know that fundamental scalars do exist in Nature. Scalars that have the same gauge and B − L quantum numbers as the standard model (SM) elementary fermions, quarks and leptons, can be embedded in SO (10) and are among the most natural DM candidates [4] . In this case a theoretically well motivated connection between the DM, ordinary matter and non-vanishing neutrino masses is realised via grand unification [5] . The singlet DM could be connected to electroweak (EW) baryogenesis [6] . In the SM with the 125 GeV Higgs boson, H, the vacuum becomes unstable at some scale before the unification scale [7] . Scalar singlet DM, S, coupled to the Higgs boson via the |S| 2 |H| 2 term, can make the theory consistent up to the unification scale [8, 9] . Thus the scalar sector may play an important rôle both in particle physics and in cosmology.
The real singlet scalar DM model, that is the simplest DM model, is also very predictive. Basically the relic density constraint determines the value of the direct detection cross section for each DM mass. The most stringent existing constraint on DM spin-independent scattering cross section with nuclei obtained recently by XENON100 [10] starts to probe its physical parameter space, as will be discussed in section 6. XENON1T [11] should be able to either rule out the entire scenario or find a DM signal. These results provide an incentive to study the phenomenology of a generalised scenario of singlet scalar DM.
Although the real scalar singlet is the simplest candidate for dark matter, the only choice of stabilising symmetry for a real particle is a Z 2 parity. To consider Z 3 -or Z N , in general -only makes sense for a complex field, of which the simplest case is the complex scalar singlet. Although naïvely this extension of the model may look marginal, the DM phenomenology is modified in a substantial way. The Z 3 singlet DM model we consider is the simplest model to have semi-annihilations [12] and the DM relic abundance predictions are modified.
1 As a consequence, the model predictions for the DM abundance and for the spin-independent direct detection cross section are not in one-to-one correspondence as in the case of the Z 2 model. Phenomenologically this implies that the present DM direct detection experiments are not able to test the singlet scalar DM scenario conclusively.
In spite of the fact that the complex scalar singlet with Z 3 symmetry is arguably the simplest extension of the real singlet model, the model in its most minimal form has not been studied in detail in the literature. Complex singlet scalar and Z 3 symmetry have been considered in the context of a model of neutrino mass generation [14] , but its DM phenomenology was not studied there. Similar DM phenomenology occurs also in a DM model based on D 3 symmetry [15] , but this model is more complicated than the one presented here.
The aim of this work is to formulate and to perform a detailed study of the minimal scalar singlet DM model based on Z 3 symmetry. We first study the scalar potential of the model and derive constraints on its parameters from the requirements of vacuum stability and perturbativity. We find the extrema of the potential and show that the cubic µ 3 term cannot be too large even if we allow for metastability of the SM vacuum. We then implement the model in micrOMEGAs [16] and study its predictions for the DM relic abundance and for the spin-independent direct detection cross section. We find that predictions for the latter may be substantially reduced compared to the Z 2 scalar DM model but possess a lower bound because the Z 3 symmetric SM vacuum must be the global minimum. We study renormalisation effects of the potential and find that large semi-annihilation effects require the new physics scale to be as low as TeV, possibly associated with compositeness of dark matter [17] . We conclude that the model is verifiable in future direct detection experiments as XENON1T.
The paper is organised as follows. In section 2 we formulate the minimal scalar DM model based on Z 3 . In section 3 we study the properties of its vac-uum. In section 4 we study running of the model parameters due to renormalisation group. In section 5 we calculate the predictions of the model for DM relic abundance and for direct detection experiments. We discuss our results in section 6.
Z 3 Scalar Singlet Model
In addition to the Higgs doublet H, the scalar sector contains the complex singlet S. The most general renormalisable scalar potential of H and S, invariant under the
where µ 2 H < 0. Without loss of generality, we can take µ 3 to be real, since its phase can be absorbed in the phase of the singlet S. Also note that because the potential is invariant under simultaneously changing µ 3 → −µ 3 , S → −S, physics cannot depend on the sign of µ 3 , and it suffices to consider µ 3 0. The potential (1) is the only possible potential with the given field contents that is invariant under the Z 3 group. We can always choose H to transform trivially under Z 3 . The alternative transformation for the singlet, S → e i4π/3 S, gives the same potential. In the study of the parameter space, we choose M 2 h , M 2 S , µ 3 , λ S , λ SH and v as free parameters. We fix the Higgs mass to M h = 125.5 GeV [18] and the Higgs VEV to v = 246.22 GeV. The other parameters are then defined by
The model is perturbative [19] if |λ S | π and |λ SH | 4π. The unitarity conditions are weaker.
Vacuum Stability & Extrema of the Potential
The scalar potential (1) is bounded below if the quartic interactions satisfy the vacuum stability conditions
If the conditions (3) are fulfilled, the scalar potential possesses a finite global minimum. To study the stationary points, it is convenient to use |H| 2 = h 2 /2 and write the singlet in polar coordinates as S = se iφ S . The equations for stationary points, obtained by setting the partial derivatives of the potential with respect to h, s and φ S to zero, are given by
Because we have choosen µ 3 ≥ 0, we have cos 3φ S = −1 in local minima of potential with s = 0. This gives threefold degenerate vacua with φ S = π/3, −π/3, −π that are related by Z 3 transformations.
The Eqs. (4) are reduced to quadratic equations. The stationary points can be classified by their symmetries. The stationary points are
Two triplets of vacua with unbroken EW symmetry and broken Z 3 ; these solutions exist under the condition
and read
Two sextuplets of vacua where both the EW symmetry and Z 3 are broken; they exist only if
We demand that the SM vacuum ( $ $ EW, Z 3 ) be the global minimum. The EW symmetry has to be broken, but the completely symmetric (EW, Z 3 ) vacuum lies always above the physical one and thus is not dangerous. On the other hand, if the Z 3 symmetry were broken, the singlet would be unstable and could not be dark matter. The degenerate vacua with different values of φ S would raise the danger of cosmological domain walls [20] . Therefore the potential energies of the vacua with broken Z 3 have to be compared with (6) . Note that these solutions appear and can be below the SM vacuum if µ 3 is large enough.
This requirement gives a bound on µ 3 . We introduce a dimensionless parameter δ to parameterise the energy difference of vacua [21] . Then the maximal allowed value of the cubic parameter µ 3 is approximately equal to
at given λ S and M S , if |λ SH | is small (as seen in section 5 below, this is always true for realistic points with correct relic density). For δ = 2, the
is approximately degenerate with the SM minimum and (11) gives the absolute stability bound.
As µ 3 grows larger, the potential energies of the Z 3 -breaking extrema rapidly descend below the value of the SM minimum. However, the bound (11) on µ 3 could be relaxed with δ < 2, if the SM vacuum were not the global minimum, but a metastable local minimum with a longer half-life than the lifetime of the universe. For Z 2 singlet scalar DM, metastability bounds were calculated in [22] .
To estimate the metastability bound, we take λ SH ≈ 0 and use the results for a general quartic potential of a single scalar field [21] which in our case is s (the potential is already minimised with respect to the singlet phase φ S ). The decay probability per unit time per unit volume [23] is given by
where K is a determinantal factor and S E is the four-dimensional Euclidean action. In our case, S E is given by [21] 
where α 1 = 13.832, α 2 = −10.819, α 3 = 2.0765. The value of K has very little influence on the allowed value of δ and can be approximated by the barrier height between two vacua. To ensure metastability, the probability of bubble nucleation in the past four-volume 1/H 4 0 , where H 0 = 9.51 × 10 −42 GeV is the Hubble constant, must be 1
The minimal allowed value of δ can be found by solving the equality in (14) . The behaviour of minima of the potential is illustrated in figure 1 for a typical parameter set given by M S = 150 GeV, λ S = π/2, λ SH = 0.15. The potential energies of (EW,
) (blue line) fall below V SM after µ 3 surpasses the bound (11) (green line). The bound on µ 3 from metastability is shown with a dashed green line.
Renormalisation Group Running
Because of the running of couplings, the vacuum may not be absolutely stable up to the Grand Unified Theory (GUT) scale, furthermore the model may become non-perturbative. We will study the influence of the running couplings on perturbativity and vacuum stability and see in which region the model can be valid up to the GUT scale.
The largest uncertainty on the vacuum stability bound arises from the top quark mass: the recent NLO [7] and NNLO analyses [24] that use the top pole mass disfavour SM vacuum stability, though a couple of analyses at NNLO [25] that determine the running top mass from total top pair production cross section, allow vacuum stability up to Planck scale. In the model considered here, vacuum stability at the GUT scale fares better than in the SM, indeed even if the top contribution cannot guarantee vacuum stability, a large Higgssinglet coupling λ SH gives a positive contribution to the running of λ H [8, 9] and solves the issue.
In the next section we will see that the semi-annihilation contribution to the DM relic density increases with µ 3 . Large values for this parameter require a large λ S , Eq. (11), which in turn implies that due to renormalisation group equation (RGE) running that the model becomes non-perturbative at a relatively low scale. The perturbativity bound therefore strongly constrains models with significant semi-annihilation.
The values of the input parameters [26] in the MS scheme are α
GeV. The running top quark mass is calculated [27] from the top quark pole mass [28] which is M t = 173.2 ± 0.9 GeV. The top quark is integrated in at its pole mass. In order to find the scale for realistic points, we integrate DM in at the scale given by the fit M S ≈ (90.7 + 2070|λ SH |) GeV of M S as a function of |λ SH | for the points in the WMAP 3σ range, except the light mass range M S < 120 GeV (see next Section).
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We use the SM two-loop RGEs for the running of the gauge couplings and the top quark Yukawa coupling [29] ;
3 for the running of quartic scalar couplings we use the one-loop RGEs [5] 
where β λi ≡ dλ i /d(ln µ), µ is the renormalisation scale, and κ = 16π 2 . We take into account the MS corrections to the Higgs mass from the SM [30] and from the singlet [8] , and the corrections to λ H from the one-loop effective potential [30, 31] .
The results are shown in Figure 2 . Because we consider the value of λ SH correlated with M S for the points in the WMAP 3σ range, the scale at which the DM is integrated in and λ SH and λ S begin to run, is proportional to the distance from the horizontal axis. At large λ S , the new physics scale is determined by loss of perturbativity, and can be just a few hundred GeV for λ S π. For λ SH < 0, it is the vacuum stability bound that sets the scale of validity. The red area in the lower left corner of Figure 2 is already excluded by vacuum stability at the EW scale. As the Higgs self-coupling λ H runs to lower values, the last inequality in the vacuum stability conditions (3) cannot be satisfied.
For small λ S , the new physics scale is determined by λ SH . For small and positive values of λ SH , the Higgs self-coupling λ H behaves as in the SM and causes the vacuum to become unstable at about 10 9 GeV. However, the RGE of λ H receives the positive contribution κ∆β λ = λ 2 SH from the singlet. For λ SH 0.2 the vacuum will be stable up to the GUT scale. Increasing λ SH further, the loss of perturbativity brings the new physics scale slowly down again.
All in all, there is a small region in the λ SH vs. λ S plane, where the model is perturbative up to the GUT scale, corresponding to λ S 0.2 and 0.2 λ SH 0.5.
Relic Density & Direct Detection
The presence of the semi-annihilation process can lower the annihilation cross section and thus the direct detection cross section with nucleons after taking into account the relic density constraint. Figure 3 shows the Feynman diagrams that contribute to (a) annihilation and (b) semi-annihilation of dark matter, and (c) spin-independent interaction with nucleons.
To compute the relic density we solve the Boltzmann equations with the micrOMEGAs package [16] . The equations for the number density, n, have been generalised to include semi-annihilation processes
where X is any SM particle. The treatment of the semi-annihilation term is described in [13] and the fraction of semi-annihilation is defined as
Note that SS → S * h is the only semi-annihilation process in this model. In solving for the relic density, the annihilation processes into one real and one virtual gauge bosons [32] have been also taken into account: these can reduce the relic density by up to a factor of 3 in the region just below the W /Z thresholds. 4 To study the parameter space, we scan over the free parameters in the ranges 1 GeV M S 1000 GeV, 0 GeV µ 3 4000 GeV, 0 λ S π, −4π λ SH 4π with the uniform distribution. The upper bounds on λ S and λ SH come from perturbativity.
We require each point to satisfy the vacuum stability conditions (3) and the Z 3 symmetric SM vacuum ( $ $ EW, Z 3 ) to be the global minimum to ensure that S is stable.
The WMAP survey bound on the relic density [33] is
We choose the points in the WMAP 3σ range. For a heavy singlet, the dominant annihilation processes are into gauge bosons and Higgs pairs. In both cases the relic density is inversely proportional to λ 2 SH /M 2 S , and the WMAP constraint therefore selects a narrow band in the λ SH -M S plane, as seen in Figure 4 . In this figure the points are shaded by the fraction of semi-annihilation α. For large values of α, the contribution of annihilation processes to the relic density is suppressed so λ SH can be smaller. For kinematical reasons, semi-annihilation is only relevant for M S > M h . For a DM mass below the W boson mass, annihilation is mainly into fermion pairs. Since the DM annihilation is suppressed by the Yukawa couplings of the fermions, a larger coupling λ SH is required, unless M S ≈ M h /2 in which case the annihilation cross section is enhanced by a resonance effect and λ SH can be very small.
Note that when the DM mass is below M h /2, the Higgs can decay into two DM particles [34] . This is in fact the dominant annihilation process of the Higgs leading to a mostly invisible decay of the Higgs. This possibility has been severely restricted by the Higgs discovery at the LHC. Allowing for less than 40% invisible width of the Higgs [18, 35] , rules out most M S < M h /2 points. The only remaining points are those for which the invisible Higgs decay is phasespace suppressed. The Higgs invisible branching ratio BR inv vs. M S for these points is shown in Figure 5 . Singlet masses below 53.8 GeV are excluded by BR inv > 0.40.
The points that do not satisfy the Higgs invisible decay constraint are not shown in Figures 4, 6 and 7. Figure 6 shows µ 3 vs. M S for the points in the WMAP 3σ range and with BR inv < 0.40. The maximal µ 3 at a given dark matter mass M S and the DM self-coupling λ S -shown by green lines for global stability and dashed green lines for metastability -is limited by the bound (11) . For λ S = π/10, the parameter δ = 1.56, for λ S = π/2, δ = 1.77, and for λ S = π, δ = 1.83. Since the Euclidean action S E ∝ 1/λ S (13), the parameter δ can become small for small λ S . However, because the bound (11) on µ 3 is also proportional to √ λ S , the absolute size of the change is of the same order for all λ S , though its relative S , hence it is largest for large values of µ 3 and small values of M S , corresponding to the lighter areas on the edges of the parameter space up to about 500 GeV. In these areas the value of |λ SH | is smaller than expected because there semi-annihilation has a rôle in producing the correct relic density. The fact that the maximal value of µ 3 is much smaller for low M S (Figure 6 ) somewhat tames the M S dependence in the relic density.
In Figure 7 we display the spin-independent direct detection cross section σ SI vs. dark matter mass M S for the points in the WMAP 3σ range. Also shown are the XENON100 limits from 2011 [36] and the new 2012 results [10] , together with the projected sensitivity of the XENON1T experiment [11] . The parameter region encircled by green line (with M S 450 GeV) is valid up to the GUT scale. Since the spin-independent cross section is proportional to (λ SH /M S ) 2 , for large values of M S annihilation dominates the contributions to the relic density. If µ 3 is small, the WMAP constraint basically imposes that σ SI ≈ 2 × 10 −45 cm 2 for large masses. When semi-annihilation plays a rôle, the coupling λ SH can be much smaller, and the spin independent cross section can be reduced by almost two orders of magnitude. The direct detection constraint rules out the case where the singlet mass is below M W except for the very few points with M S < M h /2 that are still allowed because they correspond to a small invisible Higgs partial width.
Discussion & Conclusions
Phenomenologically, the simplest way to account for dark matter is to extend Standard Model with a scalar singlet. Indeed, real scalar singlet dark matter [36] and the new XENON100(2012) results [10] . The dashed grey line is the projected sensitivity of the XENON1T experiment [11] . Shading shows the fraction of semi-annihilation α. The parameter region encircled by green line is valid up to the GUT scale.
made stable by a Z 2 symmetry is one of the best studied models. The Z 2 model is very predictive, since the same singlet-Higgs coupling λ SH determines both the annihilation cross section and the spin-independent direct detection cross section σ SI . Already the recent XENON100 results come close to discovering or excluding the Z 2 model, and the model will be completely tested at the early XENON1T. An equally valid choice of the stabilising symmetry is Z 3 . This change adds to the scalar potential the cubic µ 3 term that produces a substantial change in the behaviour of the model. The µ 3 S 3 term gives rise to the semi-annihilation process SS → S * h that can dominate in determination of the relic density if M S > M h . Thus, the λ SH coupling can be smaller and the direct detection cross section can be lower than in the Z 2 model. This will save scalar singlet dark matter even if early results from XENON1T will rule out the Z 2 case.
Naïvely it appears that λ SH could approach zero and µ 3 become very large while keeping the product µ 3 λ SH constant. The only process contributing to the relic density would be semi-annihilation; the annihilation and the direct detection cross section would be virtually nil. However, there is an upper bound (11) on µ 3 that is proportional to M S and √ λ S . If the cubic term is too large, the Z 3 -symmetric SM vacuum is not the global minimum of the scalar potential. In principle, the SM vacuum could be metastable if the time of tunnelling is longer than the lifetime of the universe. Nevertheless allowing for metastability does not have a large impact on the parameter space. The effect is relatively small for small M S where semi-annihilation dominates the relic density. Therefore the change in the lowest value of σ SI which is obtained for M S slightly above M h in figure 7 is at most 16% for λ S = π. At higher mass usual annihilation processes dominate in any case and the metastability bound has no impact.
We have implemented the model in micrOMEGAs and calculated the freezeout relic density, taking into account both annihilation and semi-annihilation. We present analytic formulae for the extrema of the scalar potential. Demanding that the Z 3 -symmetric SM vacuum be the global minimum puts the upper bound (11) on µ 3 , and a lower bound on the fraction of semi-annihilation α for given M S and λ S . The presence of semi-annihilation allows for smaller λ SH than annihilation only when M S > M h . Due to strong dependence of semiannihilation on M S , the direct detection cross section is lowest in the range from M h to about 200 GeV. (Below M h the results are the same as for the Z 2 complex singlet.) The model can be fully tested at XENON1T and other near future direct detection experiments even with the requirement that the Z 3 symmetric SM vacuum be at least metastable.
If M S < M h /2, then Higgs boson can decay into dark matter. The unobserved Higgs boson invisible branching fraction BR inv excludes singlet masses M S 53.8 GeV. In the narrow range from 53.8 GeV to 57.4 GeV, the Higgs BR inv varies from 0.01 to 0.4 and could be measured by the LHC or a future linear collider.
The Z 3 -symmetric SM vacuum can be stable up to the GUT scale of 2 × 
